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Abstract
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D. Nguyen Anh et al.

1 Introduction

The Hardy inequalities and Sobolev inequalities are among the most used inequalities in
analysis and play important roles in many areas of mathematical physics, partial differential
equations and spectral theory. The main goal of this note is to study the optimal Hardy
inequalities and Hardy-Sobolev inequalities with Dunkl weights.
The classical Hardy inequality states that for N > 3 and u € C3° RY)
N -2

) 2 |M|2
|Vul“dx > ——dx. (1.1)
RN 2 RN |x|2

This is the multidimensional version of the following inequality that has been established in
[18]: for nonnegative functions u

e8] 1 © /1 X 2
/ | (x)|* dx > f/ (f/ u(t)dt) dx.
0 4Jo \xJo

| 2

It is well-known that the constant |NT_2 in (1.1) is optimal and cannot be attained by
nontrivial functions. This fact has been well-studied in the literature. Actually, the prob-
lem of finding improved versions for Hardy’s inequalities has attracted great attention. In
particular, since the pioneering work of Brezis and Vazquez in [4], this question has been
investigated extensively in a variety of contexts: by adding nonnegative terms to the RHS of
(1.1), by replacing the usual V by other operators, etc. The interested reader is referred to
the monographs [2, 17, 19, 20, 26, 29, 31], to name just a few, that are standard references
on the subject.

Weighted Hardy type inequalities have also been studied intensively in the literature. In
particular, in [16], Frank and Seiringer proved the following general Hardy inequality by
using the notion of the ground state representations: if the weighted p-Laplace equation,
p>1

—div (V) [V @1P 2 Vg (0) = W (x) ¢ (07!
has a positive weak solution ¢, then

fV(x)|Vu|pdx 2/W(x)|u|pdx.

To focus on the L2-Hardy type inequalities with radial weights, in [17], Ghoussoub and
Moradifam made use of the notion of Bessel pairs and proved that if V and W are positive
C!'-functions on (0, R) such that (r¥~'V, rN~1W) is a Bessel pair on (0, R), 0 < R < oo,
then

/ V(|x|)|W|2dxzf W (x]) lul? dx (12)
Bgr Br

forall u € C§° (Bg \ {0}). More interestingly, if (1.2) holds for all u € C§°(Bg \ {0}), then

N1V erV-1w) is a Bessel pair on (0, R) for some ¢ > 0. Here a couple of C!-functions
(V, W) is a Bessel pair on (0, R) if the ordinary differential equation

(Vy) +Wwy=0
has a positive solution on the interval (0, R). We refer the interested reader to the book [17]
in which several examples and properties of Bessel pair have been studied. It is also worth
pointing out that the Hardy type inequalities in the framework of equalities have also been
investigated in [7, 12, 14, 23, 24], to mention but a few.
In [11], the authors introduced the notion of p-Bessel pairs and studied the best con-
stants of the LP-Hardy inequalities and the Hardy-Sobolev inequalities with monomial

‘f“zi%'a
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Hardy-Sobolev Inequalities with Dunkl Weights

weight P =P xn|PN, P = (P, ..., Py) € (Rzo)N. In particular, the following
identities have been established in [11]:

Theorem Let 0 < R < oo, V and W be positive C'-functions on (0, R). If

(rN+P1+”'+PN_] v, pNtPit+Py =1 W) is a (2-)Bessel pair on (0, R), that is there exists
¢ > 0on (0, R) such that

(rN+P1+---+PN71V(p/)/ 4 NP Py =y ),

Then, we have for allu € C§° (B} \ {0}) that

/ V (Ix) [Vu|> xPdx
B*

R

2
/ W (i) Jul? x ”dx+/ v (xl) 2 (|x|>‘ ( ) r
(IxD
and
f V (Ix]) |Ru|* x" dx
By
2
/ W (L) ful? x ”dx+/ v (1xl) ¢ (Ix) ‘R( ) Pdsx.
@ (Ix))
Here R := | I -V is the radial derivative, that is, in the polar coordinate x = ro, R = 5,
and B;‘e = Bg H]RN RN {(x1,...,xy) € RN : x; > 0 whenever P; > 0).

The first primary goal of this article is to study the weighted Hardy inequalities with
Dunkl weights, which are more general than the monomial weights. Therefore, we now
will provide a brief introduction to Dunkl weight and Dunkl theory. For more details about
Dunkl weight and Dunkl theory, we refer the interested reader to, for instance, [1, 30].

For a € RN \ {0}, we denote by ,, the reflection with respect to the hyperplane (ar)*
oy (X) =x — Z(O[");)a, x e RV,

o

Let R ¢ RV \ {0} be a finite set such that R N Re = {#+«} and 04 (R) = R forall & € R.
This is called a root system in Dunkl theory. The reflection group G = G (R) is a finite
group generated by all the reflections o,, « € R. Let k : R — Rso be a multiplicity
function, that is & is invariant under the nature action of G on R, i.e., k(v) = k(u) whenever
there exists g € G such that gu = v. We can write R as a disjoint union R = Ry U (—Ry)
such that Ry and — R, are separated by a hyperplane through the origin. Obviously, this
decomposition is not unique. However, since k is G-invariant, the particular choice of R
does not make a difference in the below definition of Dunkl weight.

In this paper, we consider the Dunkl weight function hj (x) which is a G-invariant

homogeneous weight of degree 2y, = >, R, 2k (@)
he ) = [ He, )
aceRy

This weight function A (x) plays a key role in Dunkl theory and in the study of spe-

cial functions with reflection symmetries. It is also worth noting that by choosing Ry =

{e1, ..., en}, then the Dunkl weight A (x) becomes the monomial weight x .
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Throughout the paper we assume that k (o) > 0 and denote dy = N + 2y4.
Our first result in this note is the following Hardy identities with Dunkl weight Ay (x):

Theorem 1.1 Let N > 1,0 < R < oo, V and W be positive C'-functions on (0, R). If
(r%=1y r%=1W) is a Bessel pair on (0, R), then for all u € C3° (Bg \ {0})

/BV(|x|>|Vu|2hk(x>dx—/B W (Ix]) lul? hy (x) dx
fvols ()
Br 4

/BV<|x|)|Ru|2hk(x>dx—/B W (D) [l g (x) dx

2
_ f v (Ix]) ‘R <3>
Br 4

% (Ix]) b (x) dx.
Here ¢ = @N k.v,w:R is the positive solution of

2
@ (Ix]) hx (x) dx

and

(r4tv ) y/)/ + W () y =0
on (0, R).

As a simple consequence of our Theorem 1.1, since ( A=l pdi=1) d" |2 P |2) is a Bessel

dg—2
pair on (0, co) with ¢ (|x]) = |x| -% , we have the following Hardy inequality with Dunkl
weight:

/RN [Vul? hy (x) dx

di =2 [ a4z \ [P hy(x)
—h d ——d
2 e x2 ke (x) x—l—/ |x|77 u 2 X
=2 [ WP, (x)d (1.3)
— X X. .
- 2 v |x|? k

We will show later that this Hardy inequality with Dunkl weight can be used to derive the
Sobolev inequality and Hardy-Sobolev inequality with Dunkl weight.
Our Theorem 1.1 can also be used to derive several Hardy type inequalities in the set-
ting of equalities that generalized many known results in the literature. For instance, since
pdi—1,2e |8+dk 2pdi=1,2(e=1)

) is a Bessel pair on (0, co) with ¢ (r) = r’kT_’e, we
obtain the following weighted Hardy type inequalities:
Corollary 1.1 Let & € R. We have for allu € Cg° (RN \ {0)) that
[ b veR e oan = [ RuP i o s
RN RN

dk—

s

‘ / e 2ED Jul? by (x) dx.
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2
Another consequence of our Theorem 1.1 is that since [ r@—152=dk pdk=1,2—di 20 ) jq
q ’ RZ

a Bessel pair on (0, R), R > 0, we obtain the following Poincaré identities and weighted
Sobolev inequalities:

Corollary 1.2 For R > O and u € C§° (B;ke \ {O}), there holds

|Vul? z% Ju|?
/ N hk (x)dx Rz T a2 hk (x)dx
2
I (%
:/ o Ge D) | “ hy (x) dx,
Br |x|%2 Jo (3¢ 1x1)
|Rul* 23 |u|?
/ N hk (x)dx — R2 T a2 hk (x)dx
2
I3 (%
:/ o G ) | “ hy (x) dx
Br  |x|%2 Jo (3¢ Ix1)
and
|Vu|? |Rul? 23 |u|?
/ x |dk hk(x)d / x |d th( x)dx _R2 T |dk hk(x)dx

Moreover, the optimizer for the weighted Sobolev inequality
i juf? L () dx < [Vul” g (x) dx
R? [y [x 2" o 2

exists and is of the form Jy (%0 |x|).

More generally, if R > 0,0 < a < w, and z, is the first zero of the

Bessel function of the first kind Jy (z), then by using the Bessel pair (rdk—lr_’\, rde=1p=>

2 —dp 41
[(M - az) L+ %]) on (0.R) with ¢(r) = r 3 J, (%r), we get the
following Brezis-Vazquez type identities and inequalities with Dunkl weight:

Corollary 1.3 Let R > 0and 0 < a < %=2=2_ For any u € C$° (Bg \ {0}), there holds

V2
f [Vl hy (x)dx
B

R x|
(d—1—272 / Jul? z [ lul
=== - he )dx+ 2% [ om0 d
( 7 o 5 P2 k(%) X+R2 el Kk (x)dx
2
2-dy. Za u

+ | T e (G ) V| i () dx,

Bk Xl 72 Jo (3¢ Ix1)

%hﬂ}in @ Springer
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2
f 'R”J hy (x) dx
Br

x|
(i —r—272 / |u|? 2 |ul?
=——« h dx + — —hy; (x)dx
( 4 g 2 I Ry [ )
2
2-dy. Za u
[ () R —m e () d.
Br x| 72 Jo (3 Ix])
and
\v4 2
/ NVul s vy d
R [x]
R 2
_/ | u)\l hy (x)dx
Bgr | x|
di—r—27% |u|? 22 |u?
> (4—01 / P |A+2hk(x)d 0; o Ix |Ahk(x)dx

dk

Moreover, when 0 < a < 2 the optimizer for the weighted Brezis-Vdzquez inequality

|Vu|?
hy (x)dx
B

R |/‘f|)L
(di =2 —2)° Ju|? o [ luf
> [T 2 / —he () dx + 24 | T (x) dx
4 |x] R= Jpg |xl

. . 2-di Z
exists and is of the form |x|™ 2 Jy (f‘* |x|).

2
_ di—1 1 dp—1 [ de=2—1 1 H
For A < d; 2, we have (r T 5 P2 (1= (B) @ 2)2 is a

1
dg—2-2 o 1
Bessel pair on (0, R) with ¢(r) = R~ = (( ) (de=2-14) _ 1)2 — (r—(dk—Z—A)_

|~

1
R*(dk*Z*A)) 2 Hence, we obtain

Corollary 1.4 Let . < dy —2and R > 0. For any u € C3° (Bg \ {0}), there holds
1
f — |Vul* b (x) dx
Br |x|

Zf P |x |Ru|* hy (x) dx

di —2 -1\ 1 5

— / Ty e e () dx.
B A
RIM“Q<1—(ﬁ> )

In the limiting case A = dx — 2, we have that (rdi—1 rdk%Z’ rdi—1 %m) is a Bessel
R

1
pair on (0, R) with ¢ (r) = |ln % | 2. Therefore, as a consequence of our main results, we
obtain the following critical Hardy inequalities with Dunkl weight:

@ Springer %h'ﬁloi
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Corollary 1.5 Forany R > 0 and u € C§° (Bg \ {0}), there holds

1 1
—— |Vul* hg (x)dx z/ —— |Rul* hg (x) dx

/BR |x |2 By |x|%2
1

- | ——— ) hy (x) dx. (1.4)
4 /B e | 1n B2

%

The constant % in (1.4) is sharp, but is not attainable by nontrivial functions. See [10],
for instance.

We note that we can regard Hardy’s inequality as a linear inequality in the sense that it
involves the square of u on both sides. In the same sense, the following Sobolev inequality
and Hardy-Sobolev inequality can be viewed as a nonlinear inequality, where u appears
with a higher power on the right than on the left side:

IVul? dx : s ¥ w
2,N | (x)| V=2 dx ,
RN RN
1 2(N-s) 2(1\[/\17)
2 N2 -
(/ |Vu|? dx) HS> N / %dx .
RN RN | x|

Therefore, we may think that the Sobolev inequality and Hardy-Sobolev inequality are
stronger than the Hardy inequality. Remarkably, the authors in [11, 15, 17] showed that one
can use Hardy inequality to derive the Sobolev inequality and Hardy-Sobolev inequality.
In the same line of thought, we will now show that non-optimal Sobolev inequality and
Hardy-Sobolev inequality with Dunkl weight can be derived from our Hardy’s inequality
with Dunkl weight. More precisely, using the Hardy inequality with Dunkl weight Ay (x)
(1.3), we will prove the following Hardy-Sobolev type inequalities with Dunkl weight:

%

IV

Theorem 1.2 Let 0 < s < 2. There exists a constant C > 0 such that for any u € C C] (@),

we have
1 =2
2 ﬂ Z(Ik
(/ |Vu|2hk(x)dx> zC(/ |u(x)|dk2hk(x)dx> (1.5)
RY RY
and
d=2
L Z(ddrzs) 2(dg—s)
=
f IVul> iy (x)dx | >C / %hk(x)dx ) (1.6)
RY RY |x|*

Here RY is a Weyl chamber. More precisely, let E be the set of all functions € : Ry —
{—1, 1}, and for each € € E let

R?’ = {x eRN : sgn((a,x)) =€ (a) foralla € R+}.

The connected components of RV \ {x € RV : (&, x) = 0 for some & € R} are called the
Weyl chambers associated to R. Weyl chambers are all of the form RY for some ¢ € E.
Moreover, the number of Weyl chambers equals the order of the reflection group |G| since
G acts simply transitively on the set of Weyl chambers.

We note that the Sobolev inequality (1.5) with Dunkl weight has been established via
the Alexandroff-Bakelman-Pucci method in [5], via optimal transport in [21], using rear-
rangement in [33]. Best constant of (1.5) has also been computed explicitly in [33]. We also

S ATL° @ Springer
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mention that the weighted Sobolev and Hardy-Sobolev inequalities have been investigated
extensively and intensively in the literature. See, for instance, [6, 8, 9, 22, 25, 27, 28, 34].
In many applications in analysis and geometry, one needs to know the precise informa-
tion on the sharp constants and the optimizers of the functional and geometric inequalities.
Therefore, our last goal of this article is to compute the sharp constant in the above
Hardy-Sobolev inequality with Dunkl weights. More precisely, let 0 < s < 2 and

S IVul? he (x) dx .
HSy = inf : i ueCl(RY)

(fiy My 2y )

We will study the optimizers and the best constant of (1.6):

Theorem 1.3 We have

2—s
dy—s

s,N,k = _—
ot (%k) aeky T (% (px, ) + 1)
2-s
o [T (%) r (W) =

) N\ D=
X (d = 2) (d = $)% o r (M)
di—2 2—s

Here p = Zae& k () a. Also, HSs Nk can be attained by functions of the form u (x) =
di
2

-2 JE—
ab+|x>*%)"25,aeR b>0,xcRY

2 Hardy Inequalities with Dunkl Weights—Proof of Theorem 1.1

Proof of Theorem 1.1 By polar coordinate, one has
R
/ B(le)lulzhk(x)dx:f hk(o)/ r%=1B (r) |u|* drdo.
Bg SN-1 0
One notes that with u = @y
R R
f rdk*lB(r)|u|2dr:/ r% B (r) oy |2 dr
0 0
R
= [ e B0 gar
0
R I
=~ [ WP (A e) ar
0
R I
[ tawy (ko) ar

R R
:/0 rA () |€0/|2|1//|2dr+2/0 r% A () ¢ oY Rydr.

@ Springer S
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Hence, by polar coordinate, one has

/B B (lx ) [ul? e () dx
! R
:/ hk(o)/ rdk*lB(r)Iulzdrdcr
SN-1 0
R
:/ hk(o)/ rdk*lA(r)}W¢/+908,1/f|2drda
SN-1 0
R
—/ ]hk (a)/ r% VA (r) |@d, ¥ |> drdo
SN— 0
R
- / hy (@) f VA () 19, ()P drdo
SN-1 0

R
—/ I (0)/ r% YA (r) |93,y > drdo
SN-1 0

=/ A(|x|>|Ru|2hk<x>dx—/ A(lx]) ’R(”)
Bgr Bg (2

On the other hand,

u
[0 (2)
BR @

=f A(|x|)|w|2hk(x)dx—/8 AdD |y [P by () dx

Bgr

2
@ (Ix]) hy (x) dx.

2
@ (1x]) hx (x) dx

2 [ Ayl R Y (o) dx.
Br
In the polar coordinate

/B A(x) Yo' gRy b (x) dx
R

R
= / hi (0)/ A ) Yo' 9o, yr®ldrdo.
SN-1 0
By integration by parts
R R
_/ AW) w(p/@arwrdk*ldr - / Yo, (A (r) 1//‘P/§0rdk71) dr
0 0
A(r) 0,y ori—!
dr
)/

R
= [o] A pericty
O Lo (am ity

Hence,

R R
—/ A(r)lx/w’|2r"’k”dr—2/ A () Yo oo yrdtdr
0 0
R ’
[ wie(amrie) ar
0

R
[P B @6 ar
0

S M @ Springer
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In other words,

—/ A(|x|>|w/|2hk(x)dx—2f A (Ix)) Yo' 9 R Iy (x) dx
Bgr Br

- —/ B (|x]) lul” A (x) dix.
Bgr
Therefore

/A<|x|)|w|2hk(x)dx—/ B (|x|) |ul? hy (x) dx

Bpr Br

2
- [ o)
Bg %

@ (1x]) hg (x) dx. O

3 From Hardy Inequality with Dunkl Weight to Hardy-Sobolev
Inequality with Dunkl Weight

We now will follow [33] to introduce the rearrangement argument with Dunkl weight. For
any measurable subset 2 C RY, we define its rearrangement to be the set
2* = B (0) NRY.
Here Bg (0) is the ball of radius R such that
i (2%) = e (2)
with the measure
i (82) = /Q hi (x)dx.

For any measurable function u : @ — R, we define its symmetric decreasing
rearrangement u* : RY — R by

o0
u* (x) :/0 X{ju|>y* (X) dt.
It can be checked that u* is radial and decreasing, and it satisfies the property
uk<{xeR£’ : |u|>t}):,uk([xeRéV : u*>t}), Vi > 0.

Therefore, by the layer cake representation, we have that if ¢ : Rt — R is nonde-
creasing, then [y ¥ (1) dpg (x) = [pn ¥ u*) dpy (x). Also, as in [11, 32, 33], since the
isoperimetric ineauality with Dunkl wéight holds, for any Lipschitz continuous function u
in R?’ and any Young function @ (that is, @ maps [0, co) into [0, c0), vanishes at 0, and is
convex and increasing):

[ e vuhamw = [ oavuduw.
Ry Ry

Proof of Theorem 1.2 Using the aforementioned rearrangement argument, to prove (1.5),
we now can assume that u is a radial and decreasing function. Let us denote that

syt =RY nsVl,

@ Springer S
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Then

R
/RN ul? hy (x)dx > / . |ul? hy (x) dx =./SN P (U)dU/ |l P2 N dr
BrN € AR 0

€

R
> |u(R)|1 W/SN” hy (0)do.

This implies

1
Lo ‘ 4
et =df bt ([ wrmeax) ([ w@da)
RY s&!
In particular, by choosing g = %, we get

di—2
di—2

20 ~a _ 42 24y 3
lu (x)| < d, </ hi (U)d0> x|~ 72 / | %2 hy (x) dx
S RY

and
4 F % 2 i
()| < 4 (fSN i (o)da) |2 /RN I % g (0 dx )
Equivalently,
24
|t ()| %2 hy (x)
2 -# 2d %
d k -2 % 2
=d | [, h(@)do) Ixl ul %2 e () dx | Jul e (x)
S RY
Therefore,

2dy
/RN l (xX)| %2 hy (x)dx

z % 2y g
<d* </S;N ] hi (0)d0> /N lu| %2 hy (x) dx /N th (x)dx
€ B Re ]RE
2 P E & 20y &
d* (/ e (U)da) / lu| %2 hy (x) dx / [Vul? hy (x) dx.
sy RY RY

In other words,

dip —2

dg—2

2dj, 2
(/RN () [ <x>dx)

2
dy — 2

1

L ~a 2
d;* (/ hk(a)d0> (/ |Vu|2hk(x)dx) :
gy-1 RN

€

=

i @ Springer
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As a consequence, we can also derive the Hardy-Sobolev inequality with Dunkl weight,
which is the interpolation between the Hardy inequality and the Sobolev inequality:

2
24 (s) %)
HSs Nk (/ e I hy (x) dx) < / IVul? hy (x) dx,
RY RY

|x|*
where 2 (s) = 2%("__;). Indeed, we have
Ju () )
/R e
lu ()I° s _ 2=
= [ e e P e (1)
lu (xX)]° N , R
=/ et ) ax) ([ (PO o) ax
rY \ x| RN
)P ! £ 7
= / 5 hy (x)dx / lu (x)| %2 hy (x)dx .
RY x| RN
Using the Hardy inequality and Sobolev inequality with Dunkl weights, we get
lu () : 2dy =
/ 5 hir (x)dx / lu (x)| %2 hi (x)dx
RY x| RN
2 2
< ( o /RN |Vu|2hk(x)dx>
24 ) 124\ 5
2 %2 75 T2 5 2 a2
d* / hi (0)do / |Vul|” hy (x) dx
) N1 RN
2 | 2 i 2 = B
k— =2 k=
= d* / h d
diy —2 diy —2 k < SVt k(@) O)
2—s
AN
=
X (/ |Vu|? hy (x)dx) (/ |Vu|? hi (x)dx)
RY RY
2k (s)

dg 2—s) 2—s

a4 =2 dz,:z “d=2
dk </;é\71hk(a)da>

N

2
diy —2

2
dy —2

2
(fRN |Vul? hy (x)dx)

O
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4 Optimal Constant of the Hardy-Sobolev Inequality—Proof of
Theorem 1.3

First, we recall the Bliss lemma [3]:

Lemma 4.1 Let m, n be constants, such that n > m > 1 and let f (t) be a real single-
valued nonnegative function in the interval 0 <t < 0o such that the integral

o0
J:/ fmdr
0

taken in the sense of Lebesgue, is finite. Then the integral

F=/0tfds

o0 Fl‘t n
1:/ dt <tJm,
0

tll*r

is finite for every t and

-
where r = % -1, = n_l_l |:F(‘r§1563‘)i| . The equality happens for every function of

the form f = a (bt" + I)J%I, and for every function differing from one of these only on a

set of values of t of measure zero, but for no others.

Proof of Theorem 1.3 Let

ng |Vul|? by (x) dx

HSy, 4 = inf i ueCl(RY)

(fiy My () )

By rearrangement argument and the Hardy-Littlewood inequality, we can assume that u is
radial. In this case,

o0
/RN |Vul? hy (x) dx = (/SN By (U)da)/ lur|? rar
€ 6_ 0

and

lu () |2 * 2%(s) dp—1—s
- Thk (x)dx = i hy (o)do A lu (r)] r dr.

%hm.“ @ Springer
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Let A = [7° lu (NS pde=1=S gy and B = I’ lur|? ré%=ldr. Lett = r2=% (ie., r =

1 1
t>k)yand v (1) = u (t 2—dy ) Then

dt = 2 —dy)r'~%adr,

1 N
dr = —— 7% 'dr,
2 —di
dt
Up = Vr—
r tdr
= @—d)vr'™"
1—d;

= 2 —dp) vt %

_ 1
= Q—dy)vt %,

Therefore
o0
A :f u (r) | pd=1=5qp
0
o0 I Sl | 1
— 2(s) ; 2=q —q
= — v (t t 7% ——t % dt
[ wol —
1 00 2(8) 2y —s—2
= —— v (@) A dt
iz ) ol
and

oo
B :/ lu |2 % Lar
0

LI S T
P ——t 2% dt
2

o0 i
=—f k—@wﬂzw
0

o0
m—m/|m%a
0

Applying the Bliss lemma for m = 2, n = 24 (s) = 2%_—;)7 r= dzk__sz

o0
J :/ v, % dt
0

and
0 2dj —s—2 ] 2y dg—s
I = / lv (t)|2k(5) t 2% dt = / lv ([)|2k(5) 182 dk_zzd[’
0 0
we get
2d d27x2
2—s (di—s) k—
_ — F(f) dg—s
1<Zk 2 di—2 2—s Ji=
= I dy—2 2(dg—s)—dg—2
o Lr() r(esst)
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Therefore
1
A= 1
diy —2
2 2(dy—s) &=r q
— F—S k—P —s
I dy—2 dk;ZF( pa ) B 1 e
T dy—2dp—s p(dk—z)r<2<dk—s)—dk—2) dy —2
2—s 2—s
2 2(d—s) &=r q
— —, -p -5
1 dk—szr( = ) ‘ ( 1 )dfvz d=s
— )X
dy — dy=2 2(dr—$)—=(dk=2) dy —2
(dy = 5) [‘(ﬁ)}"(kszfsk) e

Hence, we get

Jeon IVul? hy (x) dx
HS s = inf R

2

=
2 (s) (—S
(Jry "0y () ax)

(fsﬁ’*‘ hy (o) do) fooo lup)? rée—1dr
=2 dy—2

(fsi“ hi (U)dU) T e )P pd s dr) B

inf h d % B
in v r (0)do =

A

= inf

a2

2-s de=s \ T=s
) @—s [ B%2
= inf (/SQ’*‘ hy (a)du) ( 1 )

d -2
2-s di—s
s — dy—$) p—dy —2 d—2
dzkiﬂ' 1—((121(732)1“(( t S%Iis . ) ‘ dg=s
= hi (o) do (dk —5) (dx —2)%2
-1 25 (Z(dk—x))
di—2 2—s
The infimum can be achieved at functions of the form wv(¢) =
; 2—s - Zk:t _2-s \ Zk:t .
foa brL%2 + 1 dr. = alb+t %2 ,a € R, b > 0. That is
7¢lk—2
2—s

—(2—di) 255 _ 2
u(r)=v(r2—dk)=a<b+r ¢ d“drl) —a(b+r2) 2.

We now compute fsé\l—l hi (0) do. This has been done in [33]. For the completeness, we
will provide the computation here.

We first note that fSN—l hy (0)do does not depend on the Weyl chamber. Also, the
number of Weyl chambers equals the order of the reflection group G. Therefore

1
/SN_I hy (0)do = ﬁ /SN?I hy (o)do.

Now, consider the Macdonald-Mehta integral associated to R

o2
My =/ e_%hk (x)dx.
RN
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It was showed in [13] that
r(k@+4 (o 0) +1)

weRy F(% (pk, @) + 1)

3

where p =3 g, k(@) .
By using the polar coordinate, we get

o rz
M, = / hy (O’)dO/ e~ Trd gy
SN-1 0

d d
= 271(711"(—,()/ hy (0)do.
2 SN—I
Therefore

/;Nil hk(a)da:@ e @ ]_[ T
: 220 (%) wers T (3toe0) +1)

O
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